An equivariant bundle gerbeà la Meinrenken over a G-manifold M is known to be a special type of S 1 -gerbe over the differentiable stack [M/G]. We prove that the natural morphism relating the Cartan and simplicial models of equivariant cohomology in degree 3 maps the Dixmier-Douady class of an equivariant bundle gerbè a la Meinrenken to the Behrend-Xu-Dixmier-Douady class of the corresponding S 1 -gerbe.
(DD) class. The bundle gerbes over M are classified, up to Morita equivalence (or stable equivalence in [14] ), by their DD classes.
Moreover, like the Chern classes of S 1 -bundles, the DD classes can be expressed, up to torsion elements, in terms of the 3-curvature. The equivariant counterparts of bundle gerbes are called equivariant bundle gerbes [11] . They are G-equivariant central S 1 -extensions of a groupoid X × M X ⇉ X associated to a G-equivariant surjective submersion X π − → M . Meinrenken [12] and Gaw ' edzki-Reis [7] studied extensively the equivariant bundle gerbes over simple Lie groups. In [12] , Meinrenken introduced the equivariant 3-curvature of an equivariant bundle gerbe. It is a closed equivariant 3-form in Cartan's model of equivariant cohomology. Its cohomology class corresponds to the equivariant DD class of the gerbe.
Recently, Behrend-Xu studied S 1 -gerbes over differentiable stacks. From their perspective, a G-equivariant bundle gerbe is an S 1 -gerbe over the quotient stack [M/G], which is a Morita equivalence class of central The purpose of this paper is to establish an explicit connection between equivariant bundle gerbesà la Meinrenken and S 1 -gerbes over [M/G]à la Behrend-Xu. For this purpose, we use an explicit map, obtained by Bursztyn-Crainic-Weinstein-Zhu [3] , between the Cartan and simplicial models of equivariant cohomology in degree 3. As a byproduct, we establish some further properties of the BCWZ-map and show that it is indeed an isomorphism at the cohomology level. We hope that this result will be of independent interest.
Our main theorem states that the BCWZ isomorphism maps the Meinrenken equivariant DD class of a G-equivariant bundle gerbe over a G-manifold M to the Behrend-XuDixmier-Douady (BXDD) class of the corresponding S 1 -gerbe over the quotient stack [M/G].
The paper is organized as follows. Section 2.1 recalls the definition of equivariant bundle gerbes and equivariant central S 1 -extensions, while Section 2.2 recalls how the Dimier-Douady (DD) class of a G-equivariant bundle gerbe may be computed from connection type data. Section 3.1 gives a brief account of S 1 -gerbesX over a differentiable stack X and their DD classes. The DD class of an S 1 -gerbe induces a degree 3 de Rham cohomology class called BXDD class which can be computed from connection type data.
In Section 3.2, we explain how an equivariant bundle gerbe over a G-manifold M (in the sense of Murray and Meinrenken) produces an S 1 -gerbe over the stack [M/G] (in the sense of Behrend-Xu). And we compute the BXDD class of the central S 1 -extension of groupoids presenting the S 1 -gerbe over [M/G] associated to a G-equivariant bundle gerbe over the manifold M .
In Section 4.1, we discuss the explicit formula due to BCWZ relating the Cartan and simplicial models of equivariant cohomology in degree 3 and detail some additional properties of this map. Let G be a compact connected Lie group. A G-manifold is a smooth manifold M endowed with a right action of G, which is denoted M × G : (m, g) → m ⋆ g. If M is a G-manifold and ξ ∈ g = Lie(G), then ξ denotes the infinitesimal vector field on M defined by the relation ξ| x = of the total complex Ω
, the differential operator of the Cartan model and
, the natural extension of (1). We denote the total differential by
of the total complex are called the equivariant cohomology groups of the G-groupoid
Equivariant bundle gerbesà la Meinrenken
In this section, we recall the notion of equivariant bundle gerbes and their equivariant Dixmier-Douady classes in terms of the Cartan model. We closely follow Meinrenken's approach [12] .
Equivariant central S 1 -extensions
Assume that X π − → M is a surjective submersion. Consider the Lie groupoid
the source and target maps s(x, y) = x and t(x, y) = y, and the multiplication
Then we have the Morita morphism [1]
where π ′ : Γ → M is the map (x, y) → π(x) = π(y). Indeed Γ ⇉ X is the pullback of the trivial groupoid M ⇉ M to X through π.
Furthermore, if G is a Lie group, X and M are G-manifolds and X π − → M is a Gequivariant surjective submersion, it is clear that the Lie group G acts on Γ ⇉ X by groupoid automorphisms, i.e. Γ ⇉ X is a G-groupoid, and that π ′ in (3) is a Gequivariant Morita morphism.
Recall that a central S 1 -extension of a Lie groupoid H ⇉ N consists of a morphism of Lie groupoidsH
and a left S 1 -action onH, making p :H → H a (left) principal S 1 -bundle [17, 1] . These two structures are compatible in the following sense:
for all λ 1 , λ 2 ∈ S 1 and (x,ỹ) ∈H 2 :=H × t,N,sH .
We will use the shorthand notationH (4) is G-equivariant and the G-action preserves the principal S 1 -bundleH p − → H. That is, if the following relations:
are satisfied for all g ∈ G, all composable pairs (x,ỹ) inH 2 and all λ ∈ S 1 .
Bundle gerbes were invented by Murray [13] (see also [9, 4] ). By definition, a bundle gerbe over a manifold M is a central S 1 -extension of the Lie groupoid Γ ⇉ X (as in (2)) obtained from a surjective submersion X → M . There is a natural equivalence relation on central S 1 -extensions [1, 17] , the so-called Morita equivalence (or stable equivalence in [14] ), whose equivalence classes are classified by the cohomology group H 3 (M, Z). The class in H 3 (M, Z) attached to a central S 1 -extension is called its Dixmier-Douady class. Equivariant bundle gerbes are equivariant counterparts of bundle gerbes. According to Meinrenken [12] , a G-equivariant bundle gerbe over a G-manifold M is a G-equivariant central S 1 -extension of the groupoid Γ ⇉ X associated to a G-equivariant surjective submersion X → M as in (2).
Equivariant Dixmier-Douady classes
Below we recall Meinrenken's definition of the equivariant 3-curvature and equivariant Dixmier-Douady class of a G-equivariant bundle gerbe. (b) Given an equivariant connection θ, an equivariant curving is a degree 2 element
where curv G (θ) denotes the equivariant curvature of the
(c) Given an equivariant connection and an equivariant curving (θ, B G ), the corresponding equivariant 3-curvature is the equivariant 3-form
Here the coboundary operators associated to the groupoids Γ ⇉ X and Γ ⇉ X as in (1) are denoted ∂ and ∂ respectively.
The following result seems to be standard (see [12, 16] ). However, we could not find a complete proof in the literature. For the sake of completeness, we will sketch a proof below.
(a) Equivariant connections and curvings (θ, B G ) always exist.
defined by the equivariant 3-curvature is independent of the choice of θ and B G .
We need the following lemma.
Lemma 2.3. (a) Given a surjective submersion
is exact.
(b) Given two G-manifolds X and M and a G-equivariant surjective submersion π :
(c) Given a G-equivariant surjective submersion π : X → M between two G-manifolds X and M , the sequence
Proof. (a) This was proved in [13] .
(b) Since the face maps of the simplicial manifold
g commutes with ∂ (and π * ). Hence (9) is a subcomplex of (8) . Now π * in (9) is a restriction of π * in (8), which is injective. Therefore, π * in (9) is injective. Finally, take
Since the group G is compact, we can choose a left-invariant Haar measure dg on G and define a G-invariant k-form ν ′ which satisfies ∂ν ′ = ω by
(c) For simplicity, we only consider the case k = 2. Since π is G-equivariant, it induces a pair of maps Ω 2 (M )
Because the face maps are G-equivariant, the alternate sum of their pullbacks induces the pair of maps
whose direct sum is the desired map (10) is the direct sum of (9) with k = 2 (which is exact) and
it suffices to prove that the latter sequence is exact. Let f be an arbitrary element of
for all ξ ∈ g, g ∈ G and (x 1 , . . . , x p ) ∈ Γ p . And assume that ∂f = 0. Choose a basis (e 1 , . . . , e n ) of g. Then f (e i ) ∈ Ω 0 (Γ p ) and ∂ f (e i ) = 0. By (a), there exists
Clearly, f (e i ) = ∂ h ′ (e i ) and thus
Proof of Proposition 2.2. (a) Take any connection 1-form
It is simple to see that ∂θ ′ must be the pull back of a G-invariant 1-form on Γ 2 under p :
Given an equivariant connection θ, (6) 
Morita equivalences
Recall that two central
whenever (λ, r, z, r ′ ) ∈ S 1 ×H × Z ×H ′ and the products make sense. 
whenever (r, z, r ′ ) ∈ Γ × Z × Γ ′ and the products make sense.
A bitorsor satisfying (11) is called a G-equivariant bitorsor. 3 Behrend-Xu-Dixmier-Douady classes
General theory
In [1] (see also [17] ), Behrend-Xu developed a general theory of S 1 -gerbes over differentiable stacks in terms of central S 1 -extensions of Lie groupoids. Roughly speaking, an S 1 -gerbe X over a differentiable stack X can be thought of as a Morita equivalence class of central S 1 -extensions of Lie groupoids H ⇉ N , where H ⇉ N is a presentation of the differentiable stack X. (One needs to choose a suitable representative amongst all presentations of the differentiable stack X, for not every presentation of the stack X can be extended to a presentation of the stack X. See [1] .) According to Giraud [8] , the S 1 -gerbes over a differentiable stack X are classified by the cohomology group H 2 (X, S 1 ). Hence, there exists a natural map
Composing τ with the boundary map
we get a map
The image of a central S 1 -extension under the above map is called its Dixmier-Douady class in [1] .
Behrend-Xu also proved that, similarly to the Chern classes of bundles, the DixmierDouady classes of central S 1 -extensions can be computed, up to torsion elements, from connection type data. Recall that a pseudo-connection on a central 
is a G-groupoid, we can form the transformation groupoid Γ⋊G ⇉ X (resp. Γ⋊G ⇉ X).
is the groupoid whose source map is s ⋊ : (γ, g) → s(γ), whose target map is t ⋊ : (γ, g) → t(γ)⋆g and whose multiplication is given by
for any γ 1 , γ 2 ∈ Γ 1 and g 1 , g 2 ∈ G such that t(γ 1 ) ⋆ g 1 = s(γ 2 ).
Lemma 3.2. (a) The groupoids
Proof. (a) Since Γ ⇉ X is Morita equivalent to the trivial groupoid M ⇉ M and the Morita morphism mapping Γ ⇉ X to M ⇉ M is G-equivariant, it follows that the morphism By ∂ ⋊ and ∂ ⋊ , we denote the coboundary operators associated to the Lie groupoids Γ ⋊ G ⇉ X and Γ ⋊ G ⇉ X, respectively, as in (1).
for any ξ, η ∈ g, g, h ∈ G, v e x ∈ T e x Γ and w e y ∈ T e y Γ such that t
Proof. Let t → g t and t → h t be paths in G originating from g and h respectively and determining two vectors ξ and η of g by the relations
Similarly, let t → x t and t → y t be smooth paths in Γ originating from x and y, respectively, with d dt x t 0 = v e x and d dt y t 0 = w e y and such that, at any time t, the target of x t ⋆ g t coincides with the source of y t . Then
The result follows.
, where ζ is given by (13) and ω is characterized by dθ = p * ω. Hence the Behrend-Xu-Dixmier-Douady class is [ζ − pr
the associated pseudo-curvature is
Remark 3.5. From Lemma 3.3, we see that ∂ ⋊ Θ vanishes if, and only if, ∂θ = 0 and θ is basic with respect to the G-action. In this case, Θ is a connection for the central In order to compare Meinrenken's equivariant Dixmier-Douady class with the BehrendXu-Dixmier-Douady class, we need an explicit formula relating the Cartan and simplicial models of equivariant cohomology in degree 3. The following result can be found in [3] (though the group acts from the left in [3] ).
Proposition 4.1 (Proposition 6.10 in [3] ). Let N be a manifold on which a Lie group G acts from the right. Consider the map
Remark 4.2. One can check that the R.H.S. of (14) does indeed change sign when the indices 1 and 2 are permuted.
From (14), one easily deduce that, if σ :
The following lemma will be needed later on.
Proof. Since f is G-equivariant, we have
Take
But f is linear in g. Hence the last term is equal to
On the other hand, letting ← − ξ 1 and ← − ξ 2 be the left invariant vector fields on G corresponding to ξ 1 and ξ 2 , respectively, and choosing two vector fields X 1 and X 2 on N such that
Proof. Note that for any v x ∈ T x N and ξ ∈ g,
Thus, using the G-invariance of B, we obtain, for any v 1 , v 2 ∈ T x N , ξ 1 , ξ 2 ∈ g and g ∈ G,
On the other hand, we have
The conclusion thus follows.
As an immediate consequence, we have 
Proof. The 1-form λ ∈ Ω 1 (N × G) defined in Lemma 4.3 satisfies
Indeed, since t * (v x , L g * ξ) = s * (w y , L h * η) if, and only if, y = x ⋆ g and w y = v x ⋆ g + ξ x⋆g , making use of the linearity in g and the G-equivariance of f we obtain
Since 
is exact [5, Proposition 1] and, moreover,
is also exact [16, Lemma 1.5].
Main theorem
The Morita morphism (12) induces a map of cochain complexes
which gives an isomorphism in cohomology:
By the symbol µ, we will denote both the composition
The main theorem can be stated as follows. 
Given two Morita equivalent G-equivariant bundle gerbes Γ
Hence they have isomorphic Behrend-Xu-Dixmier-Douady classes according to [1] . As a consequence of Theorem 4.6, we have which is easily seen to be injective. It is not clear though if this map is surjective since requiring that a gerbe be G-equivariant may seem too strong (see Remark 2.8 in [12] ). Recently, however, Tu-Xu proved that the above map is indeed also surjective [16] .
Proof of the main theorem
First of all, let us wrap off the conditions defining equivariant connections, equivariant curvings and equivariant 3-curvatures. Since Ω
which is equivalent to the pair of equations
G , the curving decomposes as
From (5), we obtain
Hence ∂f = p * ∂f = p * φ and
Since Ω
G , the 3-curvature decomposes as
From (7), we obtain
and it thus follows that
We will need a few lemmas.
Proof. Since t : Γ − → X is G-equivariant, from (15) and (16), we obtain
where
The multiplication in the groupoid Γ ⋊ G ⇉ X is defined by
But (24) implies that = f (Ad g −1 Ad gh (Ad h −1 ξ + η))(y ′ ) since f is G-equivariant = f (ξ) (y ′ ) + f (Ad h η) (y ′ ) since f is linear in g.
Thus, we have
= − (∂f )(ξ) (x ′ , y ′ ).
Now, set z = (x, y) and z ′ = (x ′ , y ′ ) ∈ Γ = X × M X and choose z and z ′ ∈ Γ such that p( z) = z and p( z ′ ) = z ′ . Moreover, take v e z ∈ T e z Γ and v e z ′ ∈ T e z ′ Γ such that p G * v e z = (v x , w y ) and p G * v e z ′ = (v
by (20) = (p * G ζ) (v e z , L g * ξ), (v e z ′ , L h * η) by (13) .
From (23) and (25), it follows that
Therefore we have [ψ(t
Let Q ∈ g * ⊗ Ω 1 (X) G be defined by Q(ξ) = ξ B, ∀ξ ∈ g. Proof. The source and target maps of the groupoid Γ ⋊ G ⇉ X are given, respectively, by s ⋊ (γ, g) = s(γ) and t ⋊ (γ, g) = t(γ) ⋆ g. Using (19), we obtain
This proves the first equality.
For the second equality, note that, by (15) and Lemma 4.4, we have ψ(t * Q) = (t × 1) * ψ(Q) = (t × 1) * (s * 0 B − t * 0 B).
Here s 0 and t 0 are the source and target maps of the transformation groupoid X ⋊G ⇉ X. It is clear that t 0 •(t×1) = t ⋊ and s 0 •(t×1) = t•pr. Thus the second equality follows.
Proof of Theorem 4.6. Using (21), we get µ(η G ) = π * ψ(α + η) = π * α + π * ψ(η) = dB + π * ψ(η).
And, since π • t : Γ → M is a G-equivariant map, we get 
